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FINAL EXAM 

WINTER 2021 
 

1. [12 Pts] Evaluate the following limits using the appropriate technique or theorem.  Show all your 
work. 
 
a)  

lim
௫→ଵ

𝑥
4 − 1

𝑥 + 3
𝑥 − 1

 

 
b)   

lim
௫→ஶ

𝑥ଷ − 3𝑥ଶ + 15
17 + 4𝑥 − 8𝑥ଷ 

 
c)  

lim
௫→଴

−2 sin 3𝑥
𝑥

 

 
d)   

lim
௫→ஶ

ቆ(𝑥ଶ + 𝑥) cos ൬
1
𝑥

+ 2൰ቇ 

 
 

2. Consider the piece-wise function defined below. 

𝑓(𝑥) = ൞

𝑥ଶ − 1
𝑥 + 1

𝑥 < −1

𝑘 𝑥 = −1
2𝑥ଷ 𝑥 > −1

 

 
a) [4 Pts] Find the limit, if it exists: 

lim
௫→ିଵ

𝑓(𝑥) 

 
b) [2 Pts] Find the value of 𝑘 that makes the function 𝑓(𝑥) continuous at 𝑥 = −1.  Justify your 

answer. 
 

 
3. [6 Pts] Use only the limit definition (the four-step process) to find the derivative of: 

 



𝑓(𝑥) = 𝑥ଶ − 3𝑥 + 18 
 
 

4. [9 Pts] Use the appropriate rules to find the derivative of the following functions.  Do NOT 
simplify your answer. 
 
a)   

𝑦 = (tan 5𝑥 − csc 3𝑥)଼ 
 

b)   

𝑦 =
cos(𝑥଻ − 7)

7௫ + 17
 

 
c)  

𝑦 = (1 + cot 𝑥)ଶା௫మ
 

 
 
5. [4 Pts] Find the equation of the normal line to the function: 

  

𝑦 = sin ቀ√𝑥 +
𝜋
2

ቁ  𝑎𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 ቆ
𝜋ଶ

4
, 0ቇ 

 
 

6. [5 Pts] Find the derivative 𝑦ᇱ for the implicitly defined function: 
 

𝑥ଶ𝑦 − √𝜋 = 𝑒௬ 
 
 

7. [5 Pts] A police officer travelling north at 40 km/hr sees a car speed through an intersection, 
driving east.  Using his radar gun, he measures a reading of 30 km/hr.  By using landmarks, he 
judges himself to be 0.3 km from the intersection of the two roads, and the car to be 0.4 km to 
the right of that same intersection.  If the other road has a speed limit of 50 km/hr, is the other 
driver speeding?  Justify your answer mathematically.  
 

8. [3 Pts] A toy manufacturer makes cubic building blocks for babies.  The edge of a block is 
supposed to be 5 inches long, however the measurements can be off by ± 0.2 inches due to 
manufacturing.  Use differentials to find the propagated error in the volume of the building 
block.   
 
 
 



9. [6 Pts] You are staying at a resort and want to visit a secluded island off the coast.  The diagram 
below illustrates all the distances.  Your transportation options are a land taxi at 1$/km, and a 
water taxi at 5$/km.  What distance should you cover with the water taxi in order to minimize 
your total transportation cost?  
 
 
 
 
 
 
 
 
 

10. Consider the function: 

𝑓(𝑥) = 𝑥ଶ −
2
𝑥

 

 
a) [1 Pt] Find the horizontal and vertical asymptotes, if any.   

 
b) [5 Pts] Determine the intervals where 𝑓(𝑥) is increasing, where it is decreasing, and identify 

any relative extrema. 
 

c) [5 Pts] Determine the intervals where 𝑓(𝑥) is concave up, where it is concave down, and 
identify any inflection points. 

 
d) [2 Pts] Sketch the function using the above information and extra points as needed. 
 
 

11. [6 Pts] Consider the function  
𝑓(𝑥) = 𝑥ଶ + 1 

 
a) Find a value 𝑐 ∈ [0,3] that satisfies the Mean Value Theorem for differentiation. 
b) Find a value 𝑐 ∈ [0,3] that satisfies the Mean Value Theorem for integration. 

 
 

12. [3 Pts] Given ∫ 𝑓(𝑥)𝑑𝑥ଶ
ଵ = 6,   ∫ 𝑓(𝑥)𝑑𝑥ହ

ଵ = −4 and ∫ 𝑔(𝑥)𝑑𝑥ହ
ଵ = 3, calculate:  

න 𝑓(𝑥)𝑑𝑥
ହ

ଶ

+ න ቆ
1
2

𝑓(𝑥) − 3𝑔(𝑥)ቇ 𝑑𝑥
ହ

ଵ

 

 
 
 



13. [4 Pts] Integrate: 
a)  

න ൬13sec 𝑥 tan 𝑥 −
2

√3
cscଶ 𝑥൰ 𝑑𝑥 

 
b)   

න(−8 secଶ 𝑥 + 5 csc 𝑥 cot 𝑥) 𝑑𝑥 

 
 

14. [5 Pts] Use only the limit of Riemann Sums, and the right end-point, to evaluate: 

න(𝑥ଷ − 1)𝑑𝑥
ଶ

଴

 

 
Reminder: 

෍ 𝑐
௡

௞ୀଵ

= 𝑐 ∙ 𝑛        ෍ 𝑘
௡

௞ୀଵ

=
𝑛(𝑛 + 1)

2
        ෍ 𝑘ଶ

௡

௞ୀଵ

=
𝑛(𝑛 + 1)(2𝑛 + 1)

6
        ෍ 𝑘ଷ

௡

௞ୀଵ

= ቆ
𝑛(𝑛 + 1)

2 ቇ
ଶ

 

 
 

15. [4 Pts] The concentration of a solution 𝑡 seconds after the addition of a solute is given by: 

𝐶(𝑡) =
3
𝑡

+
2

√𝑡
+ 1   𝑚𝑜𝑙𝑒𝑠/𝐿 

 
What is the average concentration of the solution from 𝑡 = 1 to 𝑡 = 4 seconds? 

 
 
16. [3 Pts] The velocity of a certain particle is given by: 

𝑣(𝑡) = 7 sin 𝑡 + 5 cos 𝑡    𝑓𝑡/𝑠𝑒𝑐 
 
Find the position function 𝑠(𝑡) if 𝑠(0) = 0. 
 
 

17. [2 Pts] Use Part 1 of the Fundamental Theorem of Calculus to find 𝐹′(𝑥) is:  

𝐹(𝑥) = න ඥ𝑡ଷ + 5  𝑑𝑡
௘

ୱୣୡ ௫

 

 
18. [3 Pts] Rounding off your answer to 3 decimal places, calculate the area of the region bounded 

above by  
𝑓(𝑥) = 1 + 𝑒௫ 



bounded below by  

𝑔(𝑥) = −
2

𝑥ଶ  

and between the lines 𝑥 = −1 and 𝑥 = 1. 
 

 
 
Answers: 

1.   

a. ହ
ଵ଺

 

b. ିଵ
଼

 

c. −6 

d. 0 

2.   

a. −2 

b. −2 

c. 𝑘 = −2 

3.  𝑓ᇱ(𝑥) = 2𝑥 − 3 

4.   

a. 𝑦ᇱ = 8(tan 5𝑥 − csc 3𝑥)଻(5 secଶ 5𝑥 + 3 csc 3𝑥 cot 3𝑥)  

b. 𝑦ᇱ = ି଻௫ల ୱ୧୬(௫ళି଻)(଻ೣାଵ଻)ି(୪୬ ଻)଻ೣ ୡ୭ୱ(௫ళି଻)
(଻ೣାଵ )మ  

c. 𝑦ᇱ = ቀ2𝑥 ln(1 + cot 𝑥) − ൫ୡୱୡమ ௫൯൫ଶା௫మ൯
ଵାୡ୭୲

ቁ (1 + cot 𝑥)ଶା௫మ
 

5.  𝑦 = 𝜋𝑥 − గయ

ସ
 

6.  𝑦ᇱ = ିଶ௫௬
௫మି௘೤ 

7.  Yes, because 𝑥ᇱ = 67.5 𝑘𝑚/ℎ > 50 𝑘𝑚/ℎ  

8.  𝑑𝑉 = ±15 𝑖𝑛ଷ 

9.  𝑧 = 6.12 𝑘𝑚 

10.   

a. No horizontal asymptote, and one vertical asymptote 𝑥 = 0. 

b. Increasing on (−1,0) ∪ (0, ∞), decreasing on (−∞, −1), and one relative minimum at 

(−1,3). 



c. Concave up on (−∞, 0) ∪ ൫∛2, ∞൯, concave down on ൫0, ∛2൯, and one inflection point 

at ൫∛2,0൯. 

d.   

 

 

 

 

 

 

 

  

11.    

a. 𝑐 = ଷ
ଶ
 

b. 𝑐 = √3 

12.  −21 

13.    

a. 13 sec 𝑥 + ଶ
√ଷ

cot 𝑥 + 𝐶 

b. −8 tan 𝑥 − 5 csc 𝑥 + 𝐶  

14.   2 

15.  ln 4 + ଻
ଷ

~3.72 𝑚𝑜𝑙𝑒𝑠/𝐿 

16.   𝑠(𝑡) = −7 cos 𝑡 + 5 sin 𝑡 + 7 

17.  𝐹ᇱ(𝑥) = −√secଷ 𝑥 + 5(sec 𝑥 tan 𝑥) 

18.  𝐴 ~ 0.35 𝑢𝑛𝑖𝑡𝑠ଶ 

 


